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The Gödelian Arguments represent the effort 
done to interpret Gödel’s Incompleteness 
Theorems [6] with the purpose of show-
ing that minds cannot be explained in purely 
mechanist terms. In particular, in response 
to the mechanist project launched by Turing 
[13], several speculative ideas, like the fa-
mous anti-mechanist argument by Lucas [7, 
8], have been proposed to refute it informally. 
On the other hand, authors like Benacerraf [2], 
Chihara [4], and Shapiro [12], tried to follow 
more sophisticated lines of reasoning for the 
analysis of the relation between human mind 
and machines [5]. In this setting, we consi-
der the most recent results by Reinhardt [10], 
Carlson [3], and Alexander [1], who analyzed 
a formal theory, called Epistemic Arithmetic 
(EA) [9, 11], encompassing some typically 
informal aspects of the Gödelian Arguments 
about the knowledge that can be acquired by 
(knowing) machines.

EA is the language of Peano Arithmetic 
enriched with a modal operator K for knowled-
ge (or for intuitive provability). The formal in-
terpretation of K passes through the definition 
of the properties at the base of an epistemic 
notion of knowledge:
–	  Logic Consequence: if φ and φ → ψ are 

known, then ψ is known.
–	  Infallibilism: what is known is also true.
–	  Introspection: if φ is known then such a 

knowledge is known.
 
 

The basic axioms of knowledge are:
B1. K∀xφ → ∀xKφ
B2. K(φ → ψ) → Kφ → Kψ
B3. Kφ → φ
B4. Kφ → KKφ

where B2-B4 formalize the intuitions abo-
ve and are strictly related to, e.g., the modal 
system S4, while the first order condition B1 
establishes that the statement “φ is known 
to be valid” implies the knowledge of each 
element that can be assigned to x in φ and 
the truth of the formula under each such as-
signment.

1

Provided that the K-closure of φ is the 
universal closure of φ possibly prefixed by K, 
the axioms of EA are the K-closure of B1-B4 
and of the axioms of Peano Arithmetic. The 
theory of knowledge defined in such a way 
extends conservatively the classical interpre-
tation of Peano Arithmetic.

Under this theory of knowledge, variants 
of Church’s Thesis are investigated to analyze 
the relationship between properties that are 
weakly K-decidable2 and the Turing Machines 
(TMs) that formalize the decision algorithm 
for these properties.

In the following, we assume that We is the 
recursively enumerable set with Gödel number 
e.

1	 We are assuming that φ is a formula with one 
free variable x.

2	 The assignments of x satisfying φ are known.
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Theorem 1 (Reinhardt’s schema [10]). 
∃eK∀x(Kφ ↔ x ∈ We) is not consistent in EA.

Intuitively, Reinhardt’s schema states that 
a TM exists for which it is known that it enu-
merates all (and only) the elements (for which 
it is known) that make φ true. By citing Carl-
son, I am a TM and I know which one. The in-
consistency of this schema is a consequence 
of first Gödel’s theorem. A weaker version of 
Reinhardt’s schema is defined by Carlson.

Theorem 2 (Carlson’s schema [3]). 
K∃e∀x(Kφ ↔ x ∈ We) is consistent in EA.

By citing Carlson, I know that the set of x 
for which I know φ(x) is recursively enumerable 
or, by rephrasing an hypothesis studied by 
Benacerraf independently [2], I am a TM but 
I do not know which one. As a corollary of this 
result, the schema obtained by removing the 
outermost K operator is still consistent in EA.

The proofs of these results rely on the va-
lidity of K(Kφ → φ), stating that in the formal 
system the factivity of knowledge is known. In 
between these two limiting results, Alexander 
has recently proved a dichotomy: a machine 
can know its own factivity as well as that it 
has some code (without knowing which), or 
it can know its own code exactly (proving the 
consistency of Reinhardt’s schema) but can-
not know its own factivity (despite actually 
being factive). Providing that the axioms of 
EA mod factivity consist of the axioms of EA 
except for the universal closure of B3 prefixed 
by K, it is possible to prove that:

Theorem 3 (Alexander [1]). Reinhardt’s sche-
ma is consistent in EA mod factivity.

and then to construct the previous dicho-
tomy.

In this setting, we show a result related to 
a specific case. An interpreter φu is a function 
mimicking the behavior of any other function. 
Formally, φu(x,y) = φx(y). For instance, the uni-
versal TM is an interpreter. Now, let us consi-
der Reinhardt’s schema in EA mod factivity and 
φ = φu(x,x) = φx(x). Then, from:

∃eK∀x(Kφ ↔ x ∈ We)

by taking x = e we derive:

∃eK(Kφe(e) ↔ e ∈ We)

and:

K(Kφe(e) → φe(e))

which expresses a limited form of 
knowledge of factivity allowed in EA mod fac-
tivity. More precisely, we have a machine that, 
for (at least) a specific choice of the function 
φ and of the input x, i.e., the interpreter fun-
ction and the Gödel number of the machine 
itself, knows its own code and own factivity. 
By virtue of such a choice, the intuition that 
we stem is: I am a factive TM  –  and I know 
which one – if I am a universal TM. In our opi-
nion, this is an interesting enhancement of 
the tradeoff result provided by Alexander that 
can represent an additional element for the 
analysis of the Gödelian Arguments.
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